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1. Show that {(�1)n}1n=1 does not converge.

2. Let {xn} be a sequence of real numbers. Define a new sequence of real numbers

sn =
x1 + x2 + · · ·+ xn

n

for all n 2 N.

(a) If lim
n!1

xn = L, show that lim
n!1

sn = L.

(b) Is the converse of (a) true?

3. Let {yn} be a sequence such that lim
n!1

yn = 2. Using the "�N language, show that

lim
n!1

yn
y2n � 3

= 2.

4. Find the limits of the following sequence defined by the recurrence relations:

x1 := 1, xn+1 :=
p
2xn (MarstoneConveare
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1. Show that {(�1)n}1n=1 does not converge.

Recall : xn-L of Vaso ENEN , sot . Un>,N,
IXu-2/e9 ·

So Xn>L means
, E300st. forall NEN ,

there exists n3N

sot . IXu-213 20
-

Pf : Let LeR be given . Take 20= 1
,

and let NEN be given.

If (10 ,

we can take n= 2k for KEN st.k,
E
.

Then

(xn-L) = /Xan-21 = 150*-L = 11 - 21, 1 = 20

If L> 0, we can take U= 2h+ for KIN
.
The

(xn-Ll = (xzr+ -() = ) (-1)
2+)
- () = ) - 1 - 2)

= 1 +> 1 = 20.

Es
.
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2. Let {xn} be a sequence of real numbers. Define a new sequence of real numbers

sn =
x1 + x2 + · · ·+ xn

n

for all n 2 N.

(a) If lim
n!1

xn = L, show that lim
n!1

sn = L.

(b) Is the converse of (a) true?

If : Since KnYL
,

Faso ENEN st. EnzN,

kn - 213 ·

Now letaso be
quien.

1sn-1) = / *-L
= (x- L + xz - 2+... + xn - 4)N

= h((x , -2) + (xz-2)+ - .. +(xu- 4)
Since Xu-> L

,/there
is a NeN Sot . Fax N

,

In-L)c

= h((x , -(+ (xz- 2)+... +(n , - 4)+ (Ny- 2) +

So remains to deal with
... + (xn-2)

i ((x-41+... + (-2) ·

Since this sum is finite
,
let

M = max[(xj- H = j = 1
,
---
,NE .Sto

Then ,
there is an N2GN s .to N2 > 2 M ·

Then for
n >,MaxEN,Ne3 , we have



Isn-Ht((X .
-4+...+-()) +/() +...+n2)
-
INM
NiM cE 2

+
b) Converse is not true. Consider

Xu= H Su= 0,, ,, . ... +

= 0
,
1
,
0, 1, .
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3. Let {yn} be a sequence such that lim
n!1

yn = 2. Using the "�N language, show that

lim
n!1

yn
y2n � 3

= 2.

If : Let 230. We estimate:

1-2)=
< lyn-2)/)

Since yu- 2, thereis anNEN s.t . forall usN ,

Yus I .. Then yi -3) -z => Lynty) **
and since yu converges , yo

is banded by some MER .

E
. lyn/M .

so for m,Ni
, li)( = constant not dependingI

on Eon

So l -2) < lign-2)(2+) Since yut2, ENEN
S.t . Vm> N2,

lyn-2)is
So tuly n> max EM ,N23, we the

lits-2" lynu) (2M
+3)) =

a)
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4. Find the limits of the following sequence defined by the recurrence relations:

x1 := 1, xn+1 :=
p
2xn

Pf : Use MCT . Boundedness : Xu 2 · and Xn& Xuth by industri
al increasing

Base Case : X
,
= 1 < 2.

Xi= 1< E = X2 .

~

IH :

Sps XRC2 , XuYett for smek .

Ye =Ex < Viz = 2.

Yath = Exe Exz = Xnt
So EX3 is banded from above und nicreary,

fence by
MCT, himon exists

,

call it LER.

So thing limits as n+X in the recurrence relation
, we

have

L= Et = ((l -2) = 0 => 2=/, 2 .

reject
EK)


